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ABSTRACT
The modeling and analysis of experiments is an important aspect of
statistical work in a wide variety of scientific and technological fields.
We introduce and study the odd log-logistic skew-normal model, which
can be interpreted as a generalization of the skew-normal distribu-
tion. The new distribution can be used effectively in the analysis of
experiments data since it accommodates unimodal, bimodal, symmet-
ric, bimodal and right-skewed, and bimodal and left-skewed density
function depending on the parameter values. We illustrate the impor-
tance of the new model by means of three real data sets in analysis of
experiments.

1. Introduction

The normal distribution is often used in many different areas to model data with symmetric
distributions. However, as is widely known, many phenomena cannot always be modeled by
the normal distribution, whether by the lack of symmetry or the presence of atypical values. In
past decades even when the phenomenon of interest did not present responses for which the
assumption of normality was reasonable, the reaction was to try to find some transformation
so that the data had at least some semblance of symmetric behavior. The best known of these
transformations was the one proposed by Box and Cox (1964).

In recent years, many other distributions have been proposed as alternatives for this type
of problem. The elliptical distributions (Fang, Kotz, and Ng 1990) are perhaps the best known
among the proposals to preserve the symmetric structure of the Gaussian distribution and
allow for heavier or lighter tails than the normal distribution. This optimal property has
recently been considered in many studies; see, for example, Cysneiros, Paula, and Galea
(2007).

Although this new class of models presents good alternatives to the normal distribution,
some of them are not suitable when the distribution of the data or errors of the model are
asymmetric (Hill and Dixon 1982). In this context, the skew-elliptical distributions have been
used successfully as visible alternatives to model data sets that have asymmetric behavior.
The skew-normal (SN) distribution, introduced by Azzalini (1985), is perhaps the pioneer of
this new modeling strategy, in which the normal distribution is a special case. Many authors
have stressed the importance of using more flexible models in this type of modeling. Among
the proposed distributions in this respect, the following stand out: the skew-t (Sahu, Dey,
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and Branco 2003), skew-slash (Wang and Genton 2006), skew-slash-t (Punathumparambath
2012), and elliptic-skew (Azzalini and Capitanio 1999), a doubly skewed normal distribu-
tion (Arnold, Gómez, and Salinas 2015) and skew-symmetric distributions which include the
bimodal ones (Cahoy 2015). However, among these classes, a few include as sub-model the
normal distribution.

When the observed data have asymmetry and bimodality, the SN distribution is not
appropriate. Therefore, we propose a more general distribution as an alternative, which can
model asymmetry and bimodality and include as special cases the normal, SN, and odd
log-logistic normal distributions. The new model is called the odd log-logistic skew-normal
(OLLSN) distribution.

Regressionmodels can be investigated in different forms in analysis of experiments. In this
paper, we also propose a regression model based on the OLLSN distribution. The inferential
part is carried out using the asymptotic distribution of the maximum-likelihood estimators
(MLEs). The performance of these estimators is verified by means of a simulation study

The assessment of the fitted model is an important part of data analysis, particularly in
regressionmodels, and residual analysis is a helpful tool to validate the fittedmodel. For exam-
ple, examination of the residuals can be used to detect the presence of outlying observations,
the absence of components in the systematic part of the model and departures from the error
and variance assumptions. We define appropriate residuals to detect influential observations
in the OLLSN regression model.

The paper is organized as follows. In Section 2, we define the OLLSNmodel and obtain its
quantile function (qf). In Section 3, we provide structural properties of the OLLSN distribu-
tion. In Section 4, we derive explicit expressions for the ordinary and incomplete moments
and generating function of the OLLSN distribution. Some inferential tools are discussed in
Section 5 and the performance of the MLEs is also investigated by a simulation study. In
Section 6, we present the randomized block design model based on the OLLSN distribution.
In Section 7, a kind of quantile residual is proposed to assess departures from the underlying
OLLSN distribution in linear models to completely randomized design (CRD) and to detect
outliers. In Section 8, we prove empirically the potentiality of the newmodel by means of two
real data. Finally, Section 9 ends with some conclusions.

2. The OLLSNmodel

Statistical distributions are very useful in describing and predicting real world phenomena.
Numerous extended distributions have been extensively used over the last decades for
modeling data in several areas. Recent developments focus on defining new families that
extend well-known distributions and at the same time provide great flexibility in modeling
data in practice. Therefore, several classes to generate new distributions by adding one or
more parameters have been proposed such as the Marshall and Olkin (1997), beta-G by
Eugene, Lee, and Famoye (2002), Kumaraswamy-G (Kw-G) by Cordeiro and de Castro
(2011), McDonald normal distribution by Cordeiro et al. (2012), generalized beta-generated
distributions by Alexander et al. (2012), Weibull-G by Bourguignon, Rodrigo, and Cordeiro
(2014), exponentiated half-logistic by Cordeiro, Morad, and Ortega (2014a), and Lomax
generator by Cordeiro et al. (2014b).

Let g(x) and G(x) be the probability density function (pdf) and cumulative distribution
function (cdf) of the SN (for x ∈ R) distribution given by

g(z; λ) = 2
σ

φ (z)� (λ z) (1)
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and

G(z; λ) = � (z) − 2T (z; λ) = �SN (z; λ) (2)

where z = (x − μ)/σ , φ(·) and�(·) are the pdf and cdf of the standard normal distribution,
respectively, μ ∈ R is a location parameter, σ > 0 is a dispersion parameter, and T (z; λ) is
the Owen’s function given by (for z, λ ∈ R)

T (z; λ) = (2π)−1
∫ λ

0

exp
{− 1

2z
2(1 + x2)

}
1 + x2

dx

The parameter λ regulates the skewness and it varies in R. For λ = 0, we have the N(μ, σ 2)

density. The function �SN (·) denotes the standard SN cdf.
Based on the transformer odd log-logistic generator (Gleaton and Lynch 2006), we define

a new continuous model called the OLLSN distribution, whose cdf follows by integrating the
log-logistic density function as

F(z; λ, α) =
∫ �SN (z;λ)

�̄SN (z;λ)

0

α tα−1

(1 + tα )2
dt = �α

SN (z; λ)

�α
SN (z; λ) + [1 − �SN (z; λ)]α

(3)

where α > 0 is an extra shape parameter.
The pdf corresponding to (3) is given by

f (z; λ, α) = 2αφ (z)� (λ z) �α−1
SN (z; λ) [1 − �SN (z; λ)]α−1

σ
{
�α

SN (z; λ) + [1 − �SN (z; λ)]α
}2 (4)

Hereafter, a random variable Z with density function (4) is denoted by Z ∼ OLLSN
(0, 1, λ, α). Clearly, the random variable X = μ + σZ follows the OLLSN(μ, σ 2, λ, α)

distribution.
The density function (4) allows greater flexibility of its tails and can be widely applied in

many areas of engineering and biology. The normal distribution is a special case of (4) when
λ = 0 and α = 1. Ifλ �= 0 andα = 1,we obtain the SNdistribution and, forλ = 0 andα �= 1,
it reduces to the OLLN distribution (Braga et al. 2016), respectively.

We can write

α = log
{
�α

SN (z; λ)/[1 − �SN (z; λ)]α
}

log {�SN (z; λ)/[1 − �SN (z; λ)]}
and then the parameter α represents the quotient of the log odds ratio for the generated and
baseline distributions.

Equation (3) has tractable properties specially for simulations, since the qf ofZ has a simple
form. Let F(z; λ, α) = u and �−1

SN (z; λ) be the inverse function of �SN (z; λ). We have

Q(u) = QSN [h(u, α); λ] (5)

where u ∼ U (0, 1) andQSN[h(u, α); λ] = �−1
SN [h(u, α); λ] is the qf of the SN distribution at

h(u, α) = u
1
α
[
u

1
α + (1 − u)

1
α
]−1

It is not possible to study the behavior of the parameters of the OLLSN distribution by tak-
ing derivatives.We can verify skew-bimodality of the new distribution in the plots of Figures 1
and 2 by combining some values of λ, α and μ. Figure 1 reveals different types of bimodality,
whereas Figure 2a and 2b reveal the different types of asymmetrical bimodality.

Let f (z; 0, α) be the density of the OLLN(0, 1, α) distribution. By using �(−z) = 1 −
�(z), we can verify that f (−z; 0, α) = f (z; 0, α). So, we prove that the OLLSN distribution
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Figure . Plots of the OLLSN density function for some parameter values. (a) For different values of theλ and
α withμ = 0 and σ = 1. (b) For different values of the α with λ = −1.8,μ = 0 and σ = 1. (c) For different
values of theμ and α with λ = 0.3 and σ = 1.

is symmetric about 0 for λ = 0, and then the parameters σ and α characterize the kurtosis
and skew-bimodality of this distribution.

3. Useful expansions

First, we define the exponentiated-SN (“Exp-SN” for short) distribution with power parame-
ter c > 0 by raising the baseline SN cdf G(z; λ) to a power parameter c, sayWc ∼ Expc(SN).
Then, the cdf and pdf ofWc are given by

Hc(z) = �SN (z; λ)c and hc(z) = 2 c σ−2 φ (z) � (λz) �SN (z; λ)c−1

respectively. In a general context, the properties of the exponentiated-G (Exp-G) distributions
have been studied by several authors for some baseline G models, see Nadarajah and Kotz
(2006).

First, we obtain an expansion for F(z; λ, α) using a power series for �α
SN (z) (for α > 0)

�α
SN (z; λ) =

∞∑
k=0

ak �SN (z; λ)k (6)

where

ak = ak(α) =
∞∑
j=k

(−1)k+ j
(

α

j

)(
j
k

)

Figure . Plots of theOLLSNdensity function for someparameter values. (a) For different values of theα and
λ with μ = 0 and σ = 1. (b) For different values of the α and λ = 1.8, μ = 0 and σ = 1. (c) For different
values of the α with λ = 0,μ = 0 and σ = 1.
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For any real α > 0, we consider the generalized binomial expansion

[1 − �SN (z; λ)]α =
∞∑
k=0

(−1)k
(

α

k

)
�SN (z; λ)k (7)

Inserting (6) and (7) in Equation (3), we obtain

F(z; λ, α) =
∑∞

k=0 ak �SN (z; λ)k∑∞
k=0 bk �SN (z; λ)k

where bk = ak + (−1)k
(
α

k

)
for k ≥ 0.

The ratio of the two power series in the last equation can be expressed as

F(z; λ, α) =
∞∑
k=0

ck �SN (z; λ)k (8)

where c0 = a0/b0 and the coefficients ck’s (for k ≥ 0) are determined from the recurrence
equation

ck = b−1
0

(
ak −

k∑
r=1

br ck−r

)

The pdf of Z ∼ OLLSN(0, 1, λ, α) follows by differentiating (8) as

f (z; λ, α) =
∞∑
k=0

ck+1 hk+1(z; λ) (9)

where hk+1(z; λ) = 2(k + 1)σ−2 φ(z) �(λz) �k
SN(z; λ) is the Exp-SN density function with

power parameter k + 1.
Equation (9) reveals that the OLLSN density function is a linear combination of the Exp-

SN densities. Thus, some of its structural properties such as the ordinary and incomplete
moments and generating function can be determined from well-established properties of the
Exp-SN distribution. This equation is the main result of this section.

Let Yk+1 have the Exp-SN density function hk+1(x) with power parameter k + 1. In this
section, we prove that the mathematical properties of Yk+1 can be determined from those of
the normal distribution.

Further, letW be a SN(λ) random variable. Next, we give a power series for the cdf ofW .
First, for 0 < λ < 1, the cdf ofW can be expressed as (Castellares et al. 2012)

�SN (z; λ) =
∞∑
r=0

pr zr (10)

where the coefficients pr = pr(λ) are functions of λ given by

p0 = 1
2

− 1
π
arctan(λ)

p2r = (1 + λ2)r

λ2r−1π 2r

∞∑
k=r

(−1)k+1
(2k+1

2r

)
λ2k� ((k − r) + 1)

(2k + 1)k!
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and

p2r+1 = (1 + λ2)r+1/2

λ2rπ 2r+1/2

∞∑
k=r

(−1)k
(2k+1
2r+1

)
λ2k� ((k − r) + 1/2)
(2k + 1)k!

Second, for λ ≥ 1, the cdf ofW can be expressed as

�SN (z; λ) = 2�(z)�(λz) − �SN (λz; λ−1) (11)

where �SN (z; λ−1) can be expanded as in (10).
The standard normal cdf �(z) can be expressed as a power series �(z) =∑∞
i=0 ei z

i, |z| < ∞, where e0 = (1 + √
2/π )−1/2, e2i+1 = (−1)i√

2π(2i+1)2ii! for i = 0, 1, 2 . . .

and e2i = 0 for i = 1, 2, . . .
Then, for λ ≥ 1, we can write using (10) and (11)

�SN (z; λ) = 2
∞∑

i, j=0

λ j ei e j zi+ j −
∞∑
r=0

λr qr zr (12)

where qr = qr(λ) = pr(λ−1).
We define the set Ir = {(i, j), i, j = 0, 1, 2, . . . ; i + j = r} for r ≥ 0. Then, we can rewrite

(12) as

�SN (z; λ) =
∞∑
r=0

wr zr (13)

where wr = 2λ j ei e j − λr qr for any (i, j) ∈ Ir, r ≥ 0.
Third, if λ < 0, we can use the relation �SN (z; −λ) = 2�(z) − �SN (z; λ) and apply the

previous expansions to obtain �SN (z; λ) = ∑∞
r=0 g

	
r zr, where g	

r = 2er − gr for r ≥ 0.
Equations (10) and (13) have the same form except for the coefficients. The results below

hold for all λ > 0 and we will work with (10) and define �SN (z; λ) = ∑∞
r=0 gr z

r, where gr =
pr when 0 < λ < 1 and gr = wr when λ > 1. If λ < 0, we will have only to change gr by g	

r .
We use throughout a result of Gradshteyn and Ryzhik (2000, Section 0.314) for a power

series raised to a positive integer k

�SN (z; λ)k =
( ∞∑

r=0

gr zr
)k

=
∞∑
r=0

dk,r zr (14)

where the coefficients dk,r (for r = 1, 2, . . .) are easily determined from the recurrence
equation

dk,r = (rg0)−1
r∑

m=1

[m(k + 1) − r] gm dk,r−m (15)

and dk,0 = gk0. The coefficient dk,r can be obtained from dk,0, . . . , dk,r−1 and then from the
quantities g0, . . . , gr.

By using (10) and (14) and the power series for �(z) given before, the density ofYk+1 can
be rewritten as

hk+1(z; λ) = 2(k + 1)σ−2 φ(z)
∞∑

i,r=0

ei λi dk,r zi+r (16)



2956 A. DA SILVA BRAGA ET AL.

Combining (9) and (16), the OLLSN density can be reduced to

f (z; λ, α) = φ(z)
∞∑

i,r=0

mi,r zi+r (17)

wheremi,r = 2σ−2 λi ei
∑∞

k=0(k + 1) ck+1 dk,r.
Equation (17) reveals that somemathematical properties of the OLLSN distribution can be

determined from those of the standard normal distribution. This equation is the main result
of this section.

4. Mathematical properties

In this section, we provide some mathematical properties of Z ∼ OLLSN(0, 1, λ, α) based
on Equation (17). The properties of X ∼ OLLSN(μ, σ 2, λ, α) can follow from those of Z
by simple linear transformation. The formulae derived throughout the paper can be easily
handled in software platforms such as Maple, Mathematica, and Matlab because of their
ability to deal with analytic expressions of formidable size and complexity.

4.1. Moments

The nth ordinary moment of Z is given by

E(Zn) =
∞∑

i,r=0

mi,r δn+i+r (18)

where δn+i+r = 0 if n + i + r is odd and δn+i+r = σ n+i+r (n + i + r)!! if n + i + r is even,
where p!! = p(p− 2) . . . 3 denotes the double factorial.

The central moments, cumulants, skewness, and kurtosis of Z are determined from (18)
using well-known results.

4.2. Incompletemoments

The nth incomplete moment of Z is given bymn(y) = ∫ y
0 x

n f (x)dx. Based on the linear rep-
resentation (17) and the monotone convergence theorem, we obtain

mn(y) = 1√
2π

∞∑
i,r=0

mi,r

∫ y

−∞
A(i + r, y) (19)

where A(k, y) = ∫ y
−∞ zk e−z2/2 dz (for k ≥ 0) depends if y < 0 and y > 0.

For determining the integralA(k, y)weuse someknown results on special functions. First,

G(k) =
∫ ∞

0
xk e− x2

2 dx = 2(k−1)/2 �

(
k + 1
2

)
Second, we consider the confluent hypergeometric function 1F1(a; b; z) = ∑∞

k=0
(a)k
(b)k

zk
k! ,

and Whittaker function (Whittaker and Watson 1990, pp. 339–351) defined by

Mk,m(x) = e−x/2 xm+1/2
1F1
(
1
2

+ m − k, 1 + 2m; x
)

All these functions can be easily computed using Mathematica. See http://mathworld.
wolfram.com/ConfluentHypergeometricFunctionoftheFirstKind.html.

http://mathworld.wolfram.com/ConfluentHypergeometricFunctionoftheFirstKind.html
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We can prove that A(k, y) = (−1)k G(k) + (−1)k+1 H(k, y) for y < 0 and A(k, y) =
(−1)kG(k) + H(k, y) for y > 0, where H(k, y) = ∫ y

0 x
k e−x2/2 dx is given by

H(k, y) = 2k/4+1/4 yk/2+1/2 e−y2/4

(k/2 + 1/2)(k + 3)
Mk/4+1/4,k/4+3/4(y2/2)

+ 2k/4+1/4 yk/2−3/2 e−y2/4

k/2 + 1/2
Mk/4+5/4,k/4+3/4(y2/2)

Based on these results, we can obtainmn(y) from (19).
An important application of the first incomplete moment, saym1(y), is related to the Bon-

ferroni and Lorenz curves of Z defined by B(π ) = m1(q)/(πμ′
1) and L(π ) = m1(q)/μ′

1,
respectively, where q = QZ(π ) is obtained from the qf (5) for a given probability π .

A second application of m1(y) refers to the mean residual life, which represents the
expected additional life length for a unit which is alive at age t , and the mean inactivity
time, which represents the waiting time elapsed since the failure of an item on condition
that this failure had occurred in (0, t ), given by ν1(t ) = [1 − m1(t )]/[1 − F(t )] − t and
ξ (t ) = t − m1(t )/F(t ), respectively.

A third one is related to the mean deviations of Z about the meanμ′
1 and about the median

M given by δ1 = 2[μ′
1 F(μ′

1) − M1(μ
′
1)] and δ2 = μ′

1 − 2m1(M), whereμ′
1 = E(Z) andM =

Q(1/2) is the median obtained from (5).

4.3. Moments based on quantiles

We provide a further insight of the effects of the parameters α and λ on the skewness and kur-
tosis of Z by considering thesemeasures based on quantiles. The shortcomings of the classical
kurtosis measure are well-known. There are many heavy-tailed distributions for which this
measure is infinite, so it becomes uninformative precisely when it needs to be.

The Bowley’s skewness is based on quartiles

B = Q(3/4) − 2Q(1/2) + Q(1/4)
Q(3/4) − Q(1/4)

whereas the Moors’ kurtosis is based on octiles

M = Q(7/8) − Q(5/8) − Q(3/8) + Q(1/8)
Q(6/8) − Q(2/8)

These measures are less sensitive to outliers and they exist even for distributions without
moments. In Figure 3 and 4, we plotB andM respectively, for different values ofα andλ. These
plots indicate how these measures can be sensitive to the two shape parameters α and λ.

Figure . Bowley’s skewness for the OLLSN distribution. Plots (a) as functions of λ ∈ [0, 0.5] with α ∈
[0, 0.4] and (b) as functions of λ ∈ [0, 0.9]with α ∈ [0, 0.4].
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Figure . Moors’kurtosis for the OLLSN distribution. Plots (a) as functions of λ ∈ [0, 0.5]with α ∈ [0, 0.25]
and (b) as functions of λ ∈ [0, 1.6]with α ∈ [0, 0.35].

4.4. Generating function

In this section,we calculate themoment generating function (mgf) of theOLLSNdistribution.
First, we require the formula, which is a special case of the result by Prudnikov, Brychkov, and
Marichev (1986, equation 2.3.15.8),

J(n, t ) = 1√
2π

∫ ∞

−∞
zn exp

(
−tz − z2

2

)
dz = (−1)n

∂n

∂tn
(et

2/2) (20)

Theorem. Let Z have the OLLSN distribution. The mgf of Z is given by

MZ (−t ) =
∫ ∞

−∞
e−tz f (z)dz =

∞∑
i,r=0

(−1)i+r mi,r J(i + r, t )

where J(i + r, t ) is given by (20).

Proof. We can write using (17)

MZ (−t ) = (2π)− 1
2

∞∑
i,r=0

mi,r

∫ ∞

−∞
zi+r exp

(
−z2

2
− tz

)
dz.

By interchanging the sums and the integral and using (20), the theorem is proved. Clearly,
the mgf ofY = μ + σZ is given byMY (−t ) = eμt MZ(−σ t ) �

5. Maximum-likelihood estimation

Let x1, . . . , xn be a random sample of size n from the OLLSN(μ, σ, λ, α) distribution. In this
section, we determine the MLEs of the model parameters from complete samples only. The
log-likelihood function for the vector of parameters θ = (μ, σ, λ, α)T is given by

l(θ) = n log
(
2α

σ

)
+

n∑
i=1

log[φ(zi)] +
n∑
i=1

log[�(λ zi)] + (α − 1)
n∑
i=1

log[�SN (zi; λ)]

+ (α − 1)
n∑
i=1

log[1 − �SN (zi; λ)] − 2
n∑

i=1

log
{
�α

SN (zi; λ) + [1 − �(zi; λ)]α
}

(21)

where zi = (xi − μ)/σ .
The components of the score vectorU (θ) can be requested from the authors. TheMLE θ̂ of

θ can be determined from the non linear likelihood equationsUμ(θ) = 0,Uσ (θ) = 0,Uλ(θ) =
0 and Uα(θ) = 0. These equations cannot be solved analytically and statistical software can
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be utilized to solve them numerically. We can utilize iterative techniques such as a Newton–
Raphson type algorithm to obtain θ̂.We employ theOptim script in theR software.We choose
as initial values for μ and σ their MLEs μ̂ and σ̂ under the special normal model.

The 4 × 4 total observed information matrix is given by J(θ), whose elements can be eval-
uated numerically. The asymptotic distribution of (̂θ − θ) is N4(0,K(θ)−1) under standard
regularity conditions, where K(θ) = E[J(θ)] is the expected information matrix. Based on
the approximatemultivariate normalN4(0, J (̂θ)−1) distribution, where J (̂θ)−1 is the observed
informationmatrix evaluated at θ = θ̂, we can construct approximate confidence intervals for
the model parameters.

The likelihood ratio (LR) statistic can be used to compare theOLLNdistributionwith some
of its special models. We can compute the maximum values of the unrestricted and restricted
log-likelihoods to obtain LR statistics for testing some of its sub-models.

5.1. Simulation study

We perform a simulation study in order to verify some properties of the MLE θ̂. The data are
simulated from the OLLSN(μ, σ 2, λ, α) distribution.We use the qf given in Equation (5).We
consider the following values for the parameters:

� Scenario 1 μ = 0.00, σ = 1.00, λ = 1.00, α = 0.20
� Scenario 2 μ = 0.00, σ = 1.00, λ = 1.00, α = 0.20
For each scenario, the observations are generated by taking n = 100, 150, and 300. The

results are obtained from 1,000Monte Carlo simulations performed using theR software with
the Optim function. We determine the average estimates (AEs), biases, and mean-squared
errors (MSEs). For each generated sample, the parameters are estimated by maximum likeli-
hood. The results are reported in Table 1.

Table 1 indicates that the MSEs and the biases of the estimates of μ, σ , λ, and α decay
toward zero when the sample size increases, as expected under standard asymptotic theory.
The AEs of the parameters tend to be closer to the true parameter values when n increases.
This fact supports the asymptotic normal distribution as an adequate approximation to the
distribution of the MLEs in finite sample. The normal approximation can be oftentimes

Table . The AEs and MSEs based on , simulations of the OLLSN distribution.

Scenario 

n = 100 n = 150 n = 300

θ AE MSE θ AE MSE θ AE MSE

μ − . . μ − . . μ − . .
σ . . σ . . σ . .
λ . . λ . . λ . .
α . . α . . α . .

Scenario 

n = 20 n = 30 n = 50

θ AE MSE θ AE MSE θ AE MSE

μ − . . μ − . . μ . .
σ . . σ . . σ . .
λ . . λ . . λ . .
α . . α . . α . .
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Figure . Density functions of the OLLSN distribution at the true parameter values and at the average esti-
mates forμ = 0, σ = 1, λ = 1 and α = 0.20. (a) n= ; (b) n= ; (c) n= .

improved by making bias adjustments to the MLEs. In Figure 5, we display plots of the true
densities and the density functions evaluated at the AEs given in Table 1 for selected parame-
ter values and sample sizes. These plots are in agreement with the standard asymptotic theory
for the MLEs.

6. Completely randomized designmodel

In this section, we use the OLLSNmodel in experimental design. It is often necessary to plan
an experiment so that the treatments are not systematically subject to any bias (defect), thus
invalidating the conclusions. The proper design of experiments allows simultaneously investi-
gating various treatments in a single experiment without invalidating themodel assumptions.
One of these assumptions is normality. However, when the data present asymmetry, kurtosis
or bimodality, the normal model will not be suitable. For this reason, we consider the OLLSN
distribution for the random errors. The CRD model is characterized by not imposing any
restriction on randomization of the treatments. In this case, all the treatments have the same
chance of occupying any experimental unit or plot. This design is used when all the condi-
tions for the performance of the experiment are controlled and the experimental units are
considered homogeneous. The statistical model associated with experiments with one factor
is given by

Yi j = m + τi + εi j (22)

where Yi j represents the observed value of the group that received treatment i, m is the
overall mean effect, τi is the effect of treatment i applied to the treated group, and εi j ∼
OLLSN(0, σ, λ, α) is the effect of the uncontrolled factors in the experimental group, for
i = 1, . . . , I and j = 1, . . . , J, where I denotes the number of treatments and J the number of
repetitions.

Let y11, . . . , yIJ be a sample of size n from theOLLSNdistribution. The log-likelihood func-
tion for the vector of parameters θ = (m, τT , σ, λ, α)T ,where τ = (τ1, . . . , τI )

T , is given by

l(θ) = n log
(
2α

σ

)
+

I∑
i=1

J∑
j=1

log[φ(zi j)] + (α − 1)
I∑

i=1

J∑
j=1

log{�SN (zi j; λ)[1 − �SN (zi j; λ)]}

+
I∑

i=1

J∑
j=1

log[�(λzi j)] − 2
I∑

i=1

J∑
j=1

log{�α
SN (zi j; λ) + [1 − �SN (zi j; λ)]α} (23)

where zi j = (yi j − m − τi)/σ.
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The MLE θ̂ of the model parameters can be obtained by maximizing the log-likelihood
(23) using the Optim function in R. In addition, we obtain the parameter estimates and their
standard errors by means of the “L-BFGS-B” or “Nelder-Mead” methods. We can provide
upon request the data and the R script to perform the calculations. The components of the
score vectorU (θ) can also be requested from the authors.

The asymptotic distribution of θ̂ − θ ismultivariate normalNI+4(0,K(θ)−1), whereK(θ) is
the (I + 4) × (I + 4) expected informationmatrix. The asymptotic covariancematrixK(θ)−1

of θ̂ can be approximated by the inverse of the observed information matrix −J(θ), i.e., we
can use −J(θ)−1 to obtain an approximation for the large-sample covariance matrix of the
MLEs. The elements of this matrix can be determined by simple double differentiation of l(θ)

with respect to the model parameters and them evaluated numerically. Then, an asymptotic
confidence interval with significance level γ for each parameter θr is given by

ICr =
(

θ̂r − zγ /2

√
−Ĵr,r, θ̂r + zγ /2

√
−Ĵr,r

)
where −Ĵr,r is the rth diagonal of −J (̂θ)−1 estimated at θ̂, for r = 1, . . . , I + 4, and zγ /2 is the
quantile 1 − γ /2 of the standard normal distribution

7. Residual analysis

When attempting to adjust a model to a dataset, the validation of the fit should be analyzed by
a specific statistic with the purpose ofmeasuring the goodness of fit. Once themodel is chosen
and fitted, the analysis of the residuals is an efficient way to check the model adequacy. The
residuals also aim other purposes, such as to detect the presence of aberrant points (outliers),
identify the relevance of an additional factor omitted from the model and verify if there are
indications of serious deviance from the distribution considered for the random error. Fur-
ther, since the residuals are used to identify discrepancies between the fitted model and the
dataset, it is convenient to define residuals that take into account the contribution of each
observation to the goodness-of-fit measure used.

In summary, the residuals allow measuring the model fit for each observation and enable
studying whether the differences between the observed and fitted values are due to chance or
to a systematic behavior that can be modeled. The quantile residual proposed by Dunn and
Smyth (1996) is as a measure of the discrepancy between yi j and μ̂i j given by

q̂ri j = �−1

⎧⎪⎨⎪⎩
�α̂

SN

(
yi j−m̂−τ̂i

σ̂
; λ̂
)

�α̂
SN

(
yi j−m̂−τ̂i

σ̂
; λ̂
)

+
[
1 − �SN

(
yi j−m̂−τ̂i

σ̂
; λ̂
)]α̂

⎫⎪⎬⎪⎭ (24)

where �(·)−1 is the inverse cumulative standard normal distribution.
Atkinson (1985) suggested the construction of envelopes to enable better interpretation of

the probability normal plot of the residuals. These envelopes are simulated confidence bands
that contain the residuals, such that if the model is well-fitted, the majority of points will
be within these bands and randomly distributed. The construction of the confidence bands
follows the steps:

� Fit the proposed model and calculate the residuals q̂ri j’s;
� Simulate k samples of the response variable using the fitted model;
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� Fit the model to each sample and calculate the residuals q̂ri j, i = 1, . . . , I and j =
1, . . . , J;

� Arrange each sample of IJ residuals in rising order to obtain q̂r(i j)k for k = 1, . . . ,K;
� For each i j, obtain the mean, minimum and maximum q̂r(i j)k, namely

q̂r(i j)M =
K∑

k=1

q̂r(i j)k

K
, q̂r(i j)B = min{q̂r(i j)k : 1 ≤ k ≤ K}

and q̂r(i j)H = max{q̂r(i j)k : 1 ≤ k ≤ K}
� Include the means, minimum and maximum together with the values of q̂ri j against the
expected percentiles of the standard normal distribution.

The minimum and maximum values of q̂ri j form the envelope. If the model under study
is correct, the observed values should be within the lower and upper bands and distributed
randomly.

8. Applications

In this section, we provide two applications to show the flexibility of the OLLSN distribution
in relation to the OLLN, SN, and normal models.

8.1. Application 1: Temperature and production of soybeans data

� The first dataset refers to the temperature variable (◦C) obtained from daily readings for
the period from January 1 to December 31, 2011 in the city of Piracicaba. The data were
supplied by the Department of Biosystems Engineering of the Luiz de Queiroz Higher
School of Agriculture (ESALQ) in the University of São Paulo (USP). The temperatures
were measured at the Piracicaba Meteorological Station, located at latitude 22◦42′30′′S,
longitude 47◦38′30′′W, and altitude of 546 meters.

� The second dataset refers to the production of soybeans in the municipality of Lucas do
Rio Verde in the period from 1990 to 2012. This town is one of the 15 leading soybean
producers in the state of Mato Grosso. The data are the crop yields in kilograms of beans
per hectare (Kg/ha) obtained from the Brazilian Institute of Geography and Statistics
(IBGE).

In order to compare the distributions, we consider some goodness-of-fit measures includ-
ing the Akaike information criterion (AIC), consistent Akaike information criterion (CAIC)
and Bayesian information criterion (BIC). The MLEs of the parameters μ, σ , λ and α are
obtained using the Optim script in the R software. These estimates and their standard errors
(SEs) are given in Table 2. These results indicate that the OLLSN distribution has the low-
est AIC, CAIC and BIC values among all fitted models, and so it could be chosen as the best
model in both applications.

In addition to comparing the models, we consider LR statistics and formal tests. First, the
OLLSNmodel includes some sub-models thus allowing their evaluation relative to each other
and to a more general model. The values of the LR statistics for testing some sub-models of
the OLLSN distribution are given in Table 3. The figures in this table reveal the superiority of
the OLLSN model in relation to the others to fit both datasets.
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Table . MLEs, SEs (in parentheses) and information criteria for temperature and production of soybeans
data.

Temperature μ σ λ α AIC CAIC BIC

OLLSN . . − . . . . .
(.) (.) (.)

μ σ α AIC CAIC BIC

OLLN . . . . . .
(.) (.) (.)

μ σ λ

SN . . − . . . .
(.) (.) (.)

Normal . . . . .
(.) (.)

Soybean μ σ λ α AIC CAIC BIC

OLLSN . . − . . . . .
(.) (.) (.) (.)

μ σ α AIC CAIC BIC

OLLN . . . . . .
(.) (.) (.)

μ σ λ

SN . . − . . . .
(.) (.) (.)

Normal . . . . .
(.) (.)

In order to assess if the model is appropriate, the estimated pdfs and cdfs of the fitted dis-
tributions are displayed in Figures 6 and 7. Based on these plots, we can conclude that the
OLLSN model yields the best fits to both datasets.

8.2. Application 2: Completely randomized designmodel—Soybean data

The experiment was conducted at Block 3, of the Geraldo Schultz Research Center, located in
the municipality of Iracemápolis, São Paulo state, with average altitude of 570 m (longitude
47◦ 30’ 10.81” W and latitude 22◦ 38’ 49.14” S). The climate in the region is classified as Cwa
according to the Köppen classification (tropical highlands, with rain mainly in the summer
and dry winters). The soil was classified as Dystrophic Red Latosol according to the Brazilian

Table . LR tests.

Temperature Hypotheses LR statistic p-value

OLLSN vs normal H0 : α = 1, λ = 0 vs H1 : H0 is false . < .
OLLSN vs OLLN H0 : α �= 1, λ = 0 vs H1 : H0 is false . < .
OLLSN vs SN H0 : α = 1, λ �= 0 vs H1 : H0 is false . < .

Soybean Hypotheses LR statistic p-value

OLLSN vs normal H0 : α = 1, λ = 0 vs H1 : H0 is false . .
OLLSN vs OLLN H0 : α �= 1, λ = 0 vs H1 : H0 is false . .
OLLSN vs SN H0 : α = 1, λ �= 0 vs H1 : H0 is false . .
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Figure . (a) Estimated densities of the OLLSN, OLLN, SN, and normal models for the temperature data.
(b) Empirical cdf and estimated cdfs of the OLLSN, OLLN, SN, and normal models for the temperature data.

Soil Classification System (Rhodic Hapludox according to the Soil Taxonomy). The objective
of the experiment was to assess the level of nitrogen and protein in soybeans (Glycine max
L. Merryl) under the effects of different treatments composed of the elements boron (B) and
sulfur (S). The higher the concentration in the soil, the greater the uptake of these nutrients
by the plants should be. The experimental design was completely randomized with 4 repe-
titions and 7 treatments. Each plot was composed of 6 rows with length of 7 m. The useful
portion of the plot was composed of two rows with length of 5 m. The study was carried out
by the company Produquimica, in Iracemápolis, São Paulo state, Brazil, during the 2014-2015
growing season.

� Response variable (Yi j): Concentration of nitrogen and protein the soybeans; i =
1, . . . , 7 and j = 1, . . . , 4,

� Treatments:
– Treat 1 - Controle;
– Treat 2 - Sulfurgran (elemental S);

Figure . (a) Estimated densities of theOLLSN, OLLN, SN, and normalmodels for the production of soybeans
data. (b) Empirical cdf and estimated cdfs of the OLLSN, OLLN, SN, and normal models for the production of
soybeans data.
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Figure . Boxplot for each treatment where • is the average.

– Treat 3 - Sulfugran + Borosol (elemental S + boric acid);
– Treat 4 - Sufurgran + ActiveBor (elemental S + sodium octoborate);
– Treat 5 - Sulfurgran + Ulexite (elemental S + ulexite);
– Treat 6 - Sulfurgran + Produbor (elemental S + partially acidified ulexite);
– Treat 7 - Sulfurgran B-MAX (elemental S + ulexite in the same pellet).

According to the general model given in Equation (22), the OLLSN regression model con-
sidering the dummy variables is given by

Yi j = m +
I∑

k=2

βkDk + εi j, k = 2, . . . , 7 (25)

wherem is the effect of the treatment of reference for comparison, D2,D3,D4,D5,D6,D7 are
the variables dummies for the treatment levels, the coefficientsβ2 = τ2 − τ1,β3 = τ3 − τ1, . . .,
β7 = τ7 − τ1 are the effects of the treatment differences, τi is the effect of treatment i and εi j
∼ OLLSN(0, σ, λ, α) is the effect of the uncontrolled factors in the experimental group, for
i = 1, . . . , 7 and j = 1, . . . , 4.

Figure 8 shows the average differences between the treatments. Then, using model (25),
the mathematical expectations for each of the differences are given by

� E(Yi j) = m if D2 = · · · = D7 = 0 (represents the effect of the τ1)
� E(Yi j) = m + β2 if D2 = 1,D3 = D4, . . . , = D7 = 0 (β2 = τ2−τ1)
� E(Yi j) = m + β3 if D3 = 1,D2 = D4, . . . , = D7 = 0 (β3 = τ3−τ1)
� E(Yi j) = m + β4 if D4 = 1,D2 = D3, . . . , = D7 = 0 (β4 = τ4−τ1)
� E(Yi j) = m + β5 if D5 = 1,D2 = · · · = D7 = 0 (β5 = τ5−τ1)
� E(Yi j) = m + β6 if D6 = 1,D2 = · · · = D7 = 0 (β6 = τ6−τ1)
� E(Yi j) = m + β7 if D7 = 1,D2 = · · · = D6 = 0 (β7 = τ7−τ1)

Table 4 lists the MLEs and SEs of the estimates of the parameters for the OLLSN, S and
normal regression models fitted to these data using the Optim script in the R software.

By fitting model (22), a restriction on the solution is imposed, i.e., only the effect of τ1 = 0
is considered. Thus, the estimates of the parameters of the treatments (τ2, τ3, τ4, τ5, τ6, and
τ7) represent mean differences in relation to treatment τ1. This means that the interpretations
should be carried out in relation to the treatment that is carried out under the restriction τ1.
Further, for the three fittedmodels (normal, SN, andOLLSN), the estimates of the parameters
are coherent with the results displayed in Figure 8, since the average effects of all the estimated
differences present positive values, as can be verified in Table 4.

The values of the AIC, CAIC, and BIC statistics to compare the OLLSN, SN, and normal
regression models are listed in Table 4. Note that the OLLSN regression model outperforms
the SN and normalmodels irrespective of the criteria and then the proposed regressionmodel
can be used effectively in the analysis of these data. A comparison of the OLLSN regression
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Table . MLEs, SEs, and information criteria for soybean data.

Normal SN OLLSN

θ MLE SE θ MLE SE θ MLE SE

m . . m . . m . .
β2 . . β2 . . β2 . .
β3 . . β3 . . β3 . .
β4 . . β4 . . β4 . .
β5 . . β5 . . β5 . .
β6 . . β6 . . β6 . .
β7 . . β7 . . β7 . .
σ . . σ . . σ . .
λ λ . . λ . .
α α α . .
AIC CAIC BIC AIC CAIC BIC AIC CAIC BIC
. . . . . . . . .

Table . LR tests for soybean data.

Models Hypotheses LR statistic p-value

OLLSN vs normal H0 : λ = 0 and α = 1 vs H1 : H0 é false . <.
OLLSN vs SN H0 : λ �= 0 and α = 1 vs H1 : H0 is false . <.

model with some of its sub-models using LR statistics is performed in Table 5. The figures in
this table, specially the p-values, indicate that the OLLSN regression model yields better fits
to these data than the other sub-models.

In relation to the estimates of the standard errors, the normal distribution presents equal
values (1.799), indicating homogeneity within the treatments, something not verified in
Figure 8. The results of the SN model are very close, while the OLLSN distribution provides
a better model to the variance within the treatments. For example, the treatment (τ2) is the
one that presents the largest variance and also the highest standard error (1.501), while τ5
presents the smallest variance and also the lowest standard error (1.293). Hence, the OLLSN
distribution gives smaller estimates of the standard errors than the normal and SN models.

Then, by using the OLLSN distribution to explain the concentration of nitrogen and pro-
tein in soybeans, it can be stated that the Treatment 6 (Sulfurgran + Produbor) presents the
smallest average difference (0.221), which is not statistically significant, while Treatment 5
(Sulfurgran + ulexite) presents the largest average difference (6.166), which is statistically sig-
nificant. In practical terms, the higher the concentration of nitrogen and protein implies better

Table . Results of the comparison of the seven treatments for soybean data.

Hypotheses Estimates Lwr Upr Hypotheses Estimates Lwr Upr

H0 : τ2 − τ1 = 0 2.048∗ . . H0 : τ4 − τ3 = 0 −2.060∗ − . − .
H0 : τ3 − τ1 = 0 4.362∗ . . H0 : τ5 − τ3 = 0 1.802∗ . .
H0 : τ4 − τ1 = 0 2.309∗ . . H0 : τ6 − τ3 = 0 −4.135∗ − . − .
H0 : τ5 − τ1 = 0 6.161∗ . . H0 : τ7 − τ3 = 0 −0.652ns − . .
H0 : τ6 − τ1 = 0 0.227ns − . . H0 : τ5 − τ4 = 0 3.856∗ . .
H0 : τ7 − τ1 = 0 3.709∗ . . H0 : τ6 − τ4 = 0 −2.081∗ − . − .
H0 : τ3 − τ2 = 0 2.305∗ . . H0 : τ7 − τ4 = 0 1.401ns − . .
H0 : τ4 − τ2 = 0 0.246ns − . . H0 : τ6 − τ5 = 0 −5.937∗ − . − .
H0 : τ5 − τ2 = 0 4.108∗ . . H0 : τ7 − τ5 = 0 −2.453∗ − . − .
H0 : τ6 − τ2 = 0 −1.829ns − . . H0 : τ7 − τ6 = 0 3.489∗ . .
H0 : τ7 − τ2 = 0 1.654∗ − . .



COMMUNICATIONS IN STATISTICS—THEORY ANDMETHODS 2967

Figure . (a) Index plot of the quantile residual for the soybean data. (b) Normal probability plot with enve-
lope for the quantile residual from the fitted OLLSN regression model fitted to soybean data.

quality of soybeans. Table 6 shows all the comparisons between the treatments. These com-
parisons are carried out by means of confidence intervals at 5% significance. The asterisks
(*) indicate the existence of a statistically significant difference between average differences
estimated for the treatments, at the 5% level, while (ns) indicates no significant difference.

8.3. Residual analysis

To detect possible outlying observations by fitting the OLLSN regression models to the soy-
bean data, Figure 9(a) provides the index plot of q̂ri j. By analyzing the quantile residual plot,
one observation appears as a possible outlier, thus indicating that the model is well-fitted.

To detect possible departures from the assumptions of distribution errors for model (25)
as well as outlying observations, we display in Figure 9(b) the normal probability plot for
the quantile residual with the generated envelope (Atkinson 1985). We note that the plot in
Figure 9(b) indicates that theOLLSN regressionmodel for soybean data does not seemunsuit-
able to fit the data. Also, no observation appears as a possible outlier.

9. Concluding remarks

We introduce a four-parameter continuous model, called the OLLSN distribution, which
extends the normal, SN and OLLN (Braga et al. 2016) distributions. The proposed distribu-
tion is more versatile than the SN andOLLN distributions, since it can be adjusted to bimodal
data. We provide a mathematical treatment of the new distribution including expansions for
the density function, moments, generating and qfs. The model parameters are estimated by
the method of maximum likelihood. Furthermore, based on the OLLSN distribution, we pro-
pose an extended regression model for completely randomized design. This extended regres-
sion model is very flexible and can be used in many practical situations. Two applications of
the new models to real data are given to prove empirically that they can provide consistently
better fits than other special models. Our formulas related to the new distribution and the
extended regression model are manageable, and with the use of modern computer resources,
the proposed models may be useful alternatives to applied statisticians.
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